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A thin shell theoretical solution of two normally intersecting cylindrical shells subjected to thrust-out force and three
kinds of moments transmitted through branch pipes is presented in this paper. The solutions of modiﬁed Morley equa-
tion, which can be applicable up to q0 = d/D 6 0.8 and k = d/(DT)1/2 6 8 and the order of accuracy is raised to O(T/D),
for the four loading cases are given. The accurate continuity conditions of generalized forces and displacements at the
intersecting curve of two cylindrical shells for the four loading cases and the condition of the uniqueness of displace-
ments are derived in this paper. The presented results are veriﬁed by experimental and numerical results successfully.
They are in agreement with WRC Bulletin 297 when d/D is small.
 2004 Elsevier Ltd. All rights reserved.
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Intersecting cylindrical shells are widely used in pressure vessel and piping industry. The signiﬁcant local
stresses in shells due to external loads transmitted through branch pipes often occur in the vicinity of the
junction. In order to analyze the local stresses a thin shell theoretical solution by double Fourier series
was presented by Bijlaard (1954, 1955a,b), based on Timoshenko s equation (1940). However, the mathe-
matical model adopted by Bijlaard is not for a pair of intersecting cylindrical shells, but a cylindrical shell
without branch pipe subjected to a distributed radial force system in a square region. Bijlaards solutions
are applied by Wichman et al. to WRC Bulletin No. 107 (1965) and the latter is widely used by pressure
vessel designers. Since 1960s the theoretical research of two intersecting cylindrical shells subjected to0020-7683/$ - see front matter  2004 Elsevier Ltd. All rights reserved.
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tance. Almost all of the authors who dealt with the problem, based the analysis on Donnels shallow shell
equation. Reidelbach (1961), Eringen and Suhubi (1965), Eringen et al. (1969), Hansberry and Jones
(1969) and Lekerkerker (1972) obtained the theoretical solutions of two normally intersecting shells for
q0 = d/D 6 0.3 based on the shallow shell equation and on the two approximations that the intersecting
curve, C, is treated as a circle on the developed surface of main shell and the end-section of the branch pipe,
as ﬂat. In 1980s Steele and Steele (1983) presented an approximate analytical solution of two normally inter-
secting cylindrical shells based on shallow shell theory with the improved mathematical description for C.
The design method based on Steeles program FAST2 was presented for designers in WRC Bulletin No.
297 (1984) as a supplement toWRCBulletin No. 107. WRCBulletin 297 provides data for the diameter ratio
q0 = d/D up to approximately 0.5 and includes the eﬀects of nozzle thickness. Moﬀat (1985) andMoﬀat et al.
(1991) obtained numerical solutions based on 3-D FEM and experimental results. The applicable limitations
of the design method in BS 806 based on their results are 5 6 D/T 6 70 and d/D 6 t/T 6 1. Here, d = 2r, t,
D = 2R and T are the diameters and thicknesses of branch pipe and main shell, respectively. Although
researchers have spent great eﬀorts to overcome the signiﬁcant diﬃculties in mathematics and analysis meth-
od, the design procedures for branch junctions are still in need of improvement.
A thin shell theoretical solution for a wide applicable range and with higher accuracy was developed by
Xue and Hwang and cooperators supported by China National Standards Committee on Pressure Vessels
(CNSCPV) since 1990s, see Xue et al. (1991) and Deng et al. (1991). In 1990s an analytical solution for two
normally intersecting cylinders subjected to internal pressure was presented by Xue et al. (1995, 1996) and
the analytical results were adopted by Chinese Pressure Vessel Design Code by Analysis JB 4732-95 (1995).
Later a theoretical solution for the tee-joint subjected to three run pipe moments is presented by Xue et al.
(1999, 2000). As a new progress of the research by the authors, a theoretical solution for two intersecting
cylindrical shells subjected to external branch pipe loads is presented in this paper.2. Fundamentals of the present theoretical analysis
The applicable range of the theoretical solutions presented by Xue et al. is expanded up to q0 =
d/D 6 0.8 and k ¼ d= ﬃﬃﬃﬃﬃﬃﬃDTp 6 8 and the order of accuracy is raised to O(T/D). In comparison with the other
analytical solutions by previous researchers, the theoretical solution is improved in the following four as-
pects: (1) the modiﬁed Morleys equation, which can be used up to k  1 with the accuracy order O(T/R), is
adopted instead of Donnells shallow shell equation, which is applicable to k  1 with the accuracy order
Oð ﬃﬃﬃﬃﬃﬃﬃﬃﬃT =Rp Þ. (2) By means of ﬁve coordinate systems in three diﬀerent spaces the accurate geometric descrip-
tion of the intersecting curve are used instead of previous approximate expressions, which cause signiﬁcant
error when d/D > 0.3. The three spaces are cylindrical surfaces of main shell and branch pipe as two-dimen-
sional spaces, respectively, and three-dimensional space. (3) The accurate continuity conditions for forces,
moments, displacements and rotations at the intersection curve of the two cylinders are adopted instead of
approximate continuity conditions. (4) The great mathematical diﬃculties caused by the accurate but very
complicated formulations are overcome.
Because the intersection curve, C, of two cylinders with large diameter ratio is a complicated space curve,
the ﬁve coordinate systems shown in Fig. 1 are used in this paper. The Cartesian and cylindrical coordi-
nates, (x,y,z) and (q,h,z), are taken as the global systems in 3-D space. Besides, the Cartesian and polar
coordinate systems, (n,u) and (a,b), on the developed surface of the main shell and the Cartesian coordi-
nates, (h,f) on the developed surface of the branch pipe are taken as Gaussian coordinates, 1 respectively.1 The Gaussian coordinate systems are curvilinear coordinates in a 2-D curved surface and the middle surfaces of both the run and
the branch pipes are subspaces of 3-D space.
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M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319 3301Four branch pipe loading cases are considered, that is, axial tension, Pzb, and three kinds of moments,Mxb,
Myb andMzb. When we choose a mathematical model, the basic rule should be satisﬁed that the local stres-
ses in the model are independent of the length, 2L, of the main shell. Therefore, a cantilever cylindrical shell
attached with branch pipe subjected to three kinds of moments,Mxb,Myb andMzb, is a basic mathematical
model (a) for the three moment cases, see Figs. 1 and 2(a). For the Pzb case a main shell with two ends ﬁxed
and attached with branch pipe subjected to axial tension is a basic model shown in Fig. 3(a).
Each of the basic models, category (a), for the three moment cases can be decomposed into two catego-
ries: the category (b), i.e., the main shell on two end supports under branch pipe moment and the category
(c), i.e., the main shell subjected to a pair of moments at two ends. As an example, the decomposition of the
category (a) for moment case Myb into categories (b) and (c) is shown in Fig. 2(a)–(c).
Besides, as shown in Fig. 3 the basic model of Pzb case is decomposed into the category (b), i.e., the main
shell on two end supports under branch pipe tension, Pzb, and the category (c), i.e., the main shell subjected
to a pair of moments, PzbL/2, at the two ends. The basic model for Pzb case in the paper is diﬀerent from
WRC Bulletin No. 107 (1965) in adding category (c) to category (b) in order to obtain a solution indepen-
dent of the length of the main shell when L/R 1.
In the present paper our attention is focused on the solutions of category (b) shown in Figs. 2 and 3 for
the four loading cases, because the solutions of category (c) have been given by Xue et al. (1999, 2000).
Then the solutions of basic model for the four loading cases can be obtained by superposing category
(b) on category (c).
In order to obtain the solutions of category (b) the four types of symmetry (or anti-symmetry) with
respect to b = 0 (or u = 0, h = 0) and b = p/2 (or n = 0, h = p/2) are considered when the solutions areM yb  /2 
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Fig. 2. Myb load case decomposed into two categories (b) and (c). (a) The basic model for load case Myb. (b) Main shell on two end
supports under branch pipe moment Myb. (c) Main shell subjected to bending moment Myb/2.
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Fig. 3. Pzb load case decomposed into two categories (b) and (c). (a) The basic model for load case Pzb. (b) Main shell on two end
supports under branch pipe tension Pzb. (c) Main shell subjected to bending moment PzbL/2.
Table 1
Four types of symmetry and trigonometric functions (kn ¼ ð2n	1Þp2l ; n 0 = n + L/R)
Case b = 0 b = p/2 G
ð1Þ
N ðmbÞ
Gð1ÞN ðmuÞ
Gð2ÞN ðmbÞ
Gð2ÞN ðmuÞ
Gð3ÞN ðknn0Þ Gð4ÞN ðknn0Þ Loads Loading
coeﬃcient
N = 1 Symmetry Symmetry cos 2kb
cosðmuÞ
sin 2kb
sinðmuÞ
sinðknn0Þ 	 cosðknn0Þ Pzb qz ¼ Pzb2q2
0
R2
N = 2 Anti-symmetry Anti-symmetry
sinð2kbÞ
sinðmuÞ
	 cosð2kbÞ
	 cosðmuÞ cosðknn
0Þ sinðknn0Þ Mzb qy ¼ 3Mzbq4
0
R3
n
N = 3 Symmetry Anti-symmetry
cosð2k þ 1Þb
cosðmuÞ
sinð2k þ 1Þb
sinðmuÞ cosðknn
0Þ sinðknn0Þ Myb qz ¼ 	 3Mybq4
0
R3
n
N = 4 Anti-symmetry Symmetry
sinð2k þ 1Þb
sinðmuÞ
	 cosð2k þ 1Þb
	 cosðmuÞ sinðknn
0Þ 	 cosðknn0Þ Mxb qz ¼
ﬃﬃ
2
p
Mxbu=ð4q0R3Þ
sin
q0ﬃ
2
p 	q0ﬃ
2
p cosq0ﬃ
2
p
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(1972).
In terms of the symmetry (for Cases N = 1,4) or anti-symmetry (for Cases N = 2,3) about n = 0, the
boundary conditions at the two supported ends of the main shell arefor Cases N ¼ 1,4 : T n ¼ 0, uu ¼ 0, un ¼ 0, Mn ¼ 0 at n ¼ l ðl ¼ L=R 1Þ ð1aÞ
for Cases N ¼ 2,3 : un ¼ 0, S ¼ 0, Q ¼ 0, cn ¼ 0 at n ¼ l ðl ¼ L=R 1Þ ð1bÞ
Suppose that a tee-junction is separated at C into two parts: a main shell with cut-out, on which is ap-
plied a distributed boundary force system statically equivalent to the four kinds of loads, and a semi-inﬁnite
long closed circle pipe with a non-planar curved end subjected to the four kinds of loads. All the general
solutions for each of the two parts are decomposed into two problems: (1) a particular solution, which is in
equilibrium with the branch pipe load but does not satisfy the boundary conditions at C; (2) general solu-
tion of the homogeneous equation of cylindrical shell. Each of the sums of the two problems with some
integral constants becomes the general solutions of the two parts and the unknown constants could be
determined by the continuity conditions at C.3. The general solution for the cylindrical shell with cut-out
3.1. A particular solution in equilibrium with branch pipe moment
The mathematical models of the particular solution for the four cases are adopted as follows. A main
shell on end supports is subjected to a force system qz (for tension and bending cases Pzb, Mxb and Myb)
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Fig. 4. The analyzed theoretical models of the particular solution in the load caseMxb. (a) The distributed force system qz equivalent to
Mxb. (b) The distributed force qn used by Bijlaard. (c) The area on the developed surface of the main shell where are applied the
distributed forces.
M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319 3303or qy (for torsion case Mzb) linearly distributed over a square region deﬁned by jnj 6 c=R, juj 6
c=R ðc ¼ Rq0=
ﬃﬃﬃ
2
p Þ in the developed surface (n,u). The vertical force system, qz, is statically equivalent to
Pzb (for Case N = 1), Mxb (for Case N = 4) or Myb (for Case N = 3) and the horizontal force system, qy,
is statically equivalent to Mzb (for Case N = 2).
2 As an example, the mathematical model of the particular
solution for case 4 in comparison with Bijlaards is shown in Fig. 4. The particular solutions satisfy the Tim-
oshenko equations (1940) in coordinates (n,u) for cylindrical shell subjected to arbitrary distributed load
and boundary conditions (1a,b) in the four cases, respectively.2 In
include
shell is
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þ 1	 m
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 
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þ m oun
on
¼ 	R
2ð1	 m2Þ
ET
qn ð2aÞ
1þ m
2
o2un
onou
þ 1	 m
2
o2
on2
þ o
2
ou2
 
uu þ oou ð1	 a
2r2Þun ¼ 	R
2ð1	 m2Þ
ET
qu ð2bÞ
m
oun
on
þ o
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1	 a2 ð2	 mÞ o
2
on2
þ o
2
ou2
  
uu þ ð1þ a2r2r2Þun ¼ R
2ð1	 m2Þ
ET
qn ð2cÞwhere n ¼ x=R,a2 ¼ T 2=12R2, r2 ¼ o2ou2 þ o
2
on2
, E is Youngs modulus, m is Poissons ratio and qn, qu, qn are
the distributed loads applied on the shell.
In view of the deformation ﬁeld symmetric or anti-symmetric with respect to the plane n = 0 and u = 0,
p, shown in Table 1 for the diﬀerent four cases, respectively, Eqs. (2a–c)with boundary conditions (1a,b) at
n = ± L/R can be solved by expanding the displacements and external load in double inﬁnite Fourier series
as follows:Bijlaard (1955b) a simply supported cylindrical shell is subjected to linearly distributed radial force system, qn, whose resultants
not only moment,Mxb orMyb, but also force, Py. Therefore, in order to raise accuracy of the solutions in the present paper the
subjected to vertical force system, qz, instead of radial force system, qn, because the latter may cause a signiﬁcant error when the
er ratio d/D is not small.
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qu ¼ 	
X1
m¼0
X1
n¼1
qð2ÞmnG
ð2Þ
N ðmuÞGð3ÞN ðknn0Þ ð3bÞ
qn ¼
X1
m¼0
X1
n¼1
qð3ÞmnG
ð1Þ
N ðmuÞGð3ÞN ðknn0Þ ð3cÞ
un ¼
X1
m¼0
X1
n¼1
UmnG
ð1Þ
N ðmuÞGð4ÞN ðknn0Þ ð4aÞ
uu ¼
X1
m¼0
X1
n¼1
V mnG
ð2Þ
N ðmuÞGð3ÞN ðknn0Þ ð4bÞ
un ¼
X1
m¼0
X1
n¼1
W mnG
ð1Þ
N ðmuÞGð3ÞN ðknn0Þ ð4cÞwhere kn ¼ ð2n	1ÞpR2L ; n ¼ 1,2, . . . ; n0 ¼ ðxþ LÞ=R; GðiÞN ði ¼ 1,2,3,4Þ are shown in Table 1. In Eqs. (3a–c) qu
and qn are the tangential and radial components of qz or qy, respectively. Here,qu ¼
qy cosu for Case N ¼ 2
	qz sinu for Cases N ¼ 1,3,4

qn ¼
qy sinu for Case N ¼ 2
qz cosu for Cases N ¼ 1,3,4

ð5ÞFor the four cases qz and qy areCases N ¼ 1,3,4 : qzðn,uÞ ¼
qz jnj 6 q0=
ﬃﬃﬃ
2
p
, juj 6 q0=
ﬃﬃﬃ
2
p
0 jnj > q0=
ﬃﬃﬃ
2
p
or juj > q0=
ﬃﬃﬃ
2
p
(
ð6aÞ
Cases N ¼ 2 : qyðn,uÞ ¼
qy jnj 6 q0=
ﬃﬃﬃ
2
p
, juj 6 q0=
ﬃﬃﬃ
2
p
0 jnj > q0=
ﬃﬃﬃ
2
p
or juj > q0=
ﬃﬃﬃ
2
p
(
ð6bÞwhere qz and qy are loading coeﬃcients shown in Table 1. Then the coeﬃcients in Fourier series 3(b,c) areqð2Þmn ¼
4
lp
R q0= ﬃﬃ2p
0
R q0= ﬃﬃ2p
0
½quðn,uÞGð2ÞN ðmuÞGð3ÞN ðknn0Þdndu m P 1
eð1,NÞ 2lp
R q0= ﬃﬃ2p
0
R q0= ﬃﬃ2p
0
½quðn,uÞGð3ÞN ðknn0Þdndu m ¼ 0
8<: ð7Þ
qð3Þmn ¼
4
lp
R q0= ﬃﬃ2p
0
R q0= ﬃﬃ2p
0
½qnðn,uÞGð1ÞN ðmuÞGð3ÞN ðknn0Þdndu, m P 1
½1	 eð1,NÞ 2lp
R q0= ﬃﬃ2p
0
R q0= ﬃﬃ2p
0
½qnðn,uÞGð3ÞN ðknn0Þdndu m ¼ 0
8<: ð8Þ
where e(1,N) are shown in Table 2. Substituting Eqs.(3a–c) and (4a–c) into Eqs. (2a–c), the coeﬃcients of
the displacements in Eqs. (4a–c) can be solved from the following linear algebraic equations:	 k2n þ
1	 m
2
m2
 
Umn þ ð1þ mÞ
2
knmV mn 	 mknW mn ¼ 0 ð9aÞ
ð1þ mÞ
2
knmUmn þ 1	 m
2
k2n þ m2
 
V mn þ m½1þ a2ðk2n þ m2ÞW mn ¼
R2ð1	 m2Þ
ET
qð2Þmn ð9bÞ
Table 2
e(j,N) in the four cases
Case e(1,N) e(2,N) e(3,N) e(4,N)
N = 1 0 0 1 0
N = 2 1 0 	1 1
N = 3 0 1 	1 0
N = 4 1 1 1 0
3 U
and is
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R2ð1	 m2Þ
ET
qð3Þmn ð9cÞThe particular solution for inner forces and moments could be obtained from displacements by means of
geometric and elastic relations, see Xue et al. (1999) and Hwang et al. (1988). The general displacements
and forces at the closed curve, C, can be expressed by substituting the values of nC, uCn ¼ nC ¼ q0 cos h, u ¼ uC ¼ sin	1ðq0 sin hÞ ð10a;bÞ
into Eqs. (4a–c) and related expressions of forces and moments. Therefore, they are in equilibrium with Pzb,
Mxb, Myb or Mzb, and satisfy all the basic equations and the boundary conditions at the two ends of cylin-
drical shell, Eqs. (1a,b), respectively, and so could be regarded as a particular solution of the boundary
forces and displacements at the cutout of the main shell.
3.2. The homogenous solution for the main shell
The general solution of homogeneous partial diﬀerential equation for a cylindrical shell subjected to any
boundary conditions but no distributed load acting on the surface are obtained by solving the modiﬁed
Morley equation by Zhang et al. (1991): 3r4 þr2 þ 1
4
	 4l2i o
2
on2
 
v ¼ r2 þ 1
2
þ 2l
ﬃ
i
p o
on
 
r2 þ 1
2
	 2l
ﬃ
i
p o
on
 
v ¼ 0 ð11ÞHere, 4l2 = [12(1 	 m2)]1/2R/T and the complex function v is deﬁned as follows:v ¼ un þ i 4l
2
ETR
/ ð12Þwhere the real part un is the radial displacement and /, Airy stress function. The solution of Eq. (11) is
v = v1 + v2, where v1 and v2 satisfy the following equations, respectively:r2 þ 1
2
þ 2l
ﬃ
i
p o
on
 
v1 ¼ 0, r2 þ
1
2
	 2l
ﬃ
i
p o
on
 
v2 ¼ 0 ð13a;bÞTheir solutions arev1 ¼ e	ln
ﬃ
i
p X1
n¼	1
AnH ð2Þn ðgaÞeinb, v2 ¼ eln
ﬃ
i
p X1
n¼	1
BnH ð2Þn ðgaÞeinb ð14a;bÞwhere g ¼ ð1
2
	 il2Þ1=2,An and Bn are unknown complex constants, respectively. H ð2Þn is the second kind of
nth order Hankel function. With reference to Lekerkerker (1972) and Zhang et al. (1991), substitutingnlike Donnell shallow shell equation, the modiﬁed Morley equation has the same order of accuracy as the theory of thin shell
applicable up to r=
ﬃﬃﬃﬃﬃﬃ
RT
p  1, see Xue et al. (1991).
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ﬃ
i
p
¼ eiðla
ﬃﬃﬃ
	i
p
Þ cos b ¼P1m¼	1eimðbþp=2ÞJmðla ﬃﬃﬃﬃﬃ	ip Þ, into Eqs. (14a,b) and superposing v1 on v2
the solution of Eq. (13) isv ¼
X1
k¼eð4,NÞ
X1
n¼eð1,NÞ
CnF knðaÞGð1ÞN ðmbÞ ð15Þwhere m = 2k + e(2,N), Cn = Cn1 + iCn2 are unknown complex constants related to An and Bn (k and n are
natural numbers, respectively, such as 1,2, . . .), Gð1ÞN ðmbÞ are triangular functions dependent on Case num-
bers N shown in Table 1, andF kn ¼ ð	1Þk 1	 1
2
dm0
 
½Jm	nð
ﬃﬃﬃﬃﬃ
	i
p
laÞ þ eð3,NÞJ	m	nð
ﬃﬃﬃﬃﬃ
	i
p
laÞH ð2Þn ðgaÞ ð16Þwhere dmn ¼ 0, m 6¼ n1, m ¼ n

and the values of e(j,N) (j = 1,2,3,4) are shown in Table 2.
The components of forces, moments, displacements and rotations in the main shell are all expressed
through the partial derivatives of v with respect to a and b, v(i,j) = o(i+j)v/oaiobj, see Xue et al. (1991,
1995, 1999). For example, ua and ub can be expanded in Fourier series as follows:ua ¼
X1
k¼eð4,NÞ
UkðaÞGð1ÞN ðmbÞ, ub ¼ 	
X1
k¼0
V kðaÞGð2ÞN ðmbÞ ð17a;bÞwhereUk ¼ aR fk 	 a dgk
da
þ mhk
 
ð1	 m2Þ, V k ¼ ðaRgk 	 UkÞ=m ðk ¼ 1,2, . . .Þ ð18a;bÞ
U 0 ¼ aRg0, V 0 ¼ 0 for case N ¼ 1 ð19a;bÞ
V 0 ¼ a
Z a
q
Rh0 tð Þ
t
dt þ D1a for case N ¼ 2 ð20Þ
U 0 ¼
Z a
q
Rf 0ðtÞdt þ D2, V 0 ¼ ðaRg0 	 U 0Þ for case N ¼ 3,4 ð21a;bÞIn Eqs. (18) and (19) the functions f0, g0, fk, gk and hk can be expressed in terms of v and v
(i,j), see Xue et al.
(1991, 1995, 1999), Deng et al. (1991) and Eqs. (20), (21a,b) are diﬀerent from Eq. (22b) in Xue et al. (1999),
where D1 ¼ xz0,D2 cos b ¼ ux0 and D2 sin b ¼ uy0 are rigid body rotation and displacement, respectively.
Therefore, D1 and D2 can be omitted.
The condition of the uniqueness of displacements should be derived because a main shell with a cut-out
is a doubly connected region. The elastic relations are expressed by displacements and stress function as
follows:u0n ¼
1
ETR
/ 	 m/00 þ /=2
 
, u/ ¼
1
ETR
/00 	 m/ þ /=2
h i
	 un ð22a;bÞ
un þ u0u ¼
2ð1þ mÞ
ETR
½	/0 ð22cÞwhere ð Þ0 ¼ oon ð Þ, ð Þ ¼ oou ð Þ. For mathematical convenience and without loss of precision, the elastic rela-
tions can be modiﬁed by adding a small item //2 with underline. In Eqs. (22a,b) //2 is a small quantity as
compared to /
0 0
, in a relative order of O(T/R). Substituting Eqs. (13a,b) into Eqs. (22a–c), we obtain
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ﬃ
i
p
ðv2 	 v1Þg0=4l2 ð23aÞ
un ¼ Imf	ð1þ mÞðv01 þ v02Þ þ ½2l
ﬃ
i
p
ðv2 	 v1Þg=4l2 þ Im½
ﬃ
i
p
ðv2 	 v1Þ=4l ð23bÞ
u00u ¼ Imf	½
ﬃ
i
p
ðv2 	 v1Þ=2l 	 ð1þ mÞðv0 þ v02 Þ=4l2g0 ð23cÞ
u0u ¼ Imf	½
ﬃ
i
p
ðv2 	 v1Þ=2l 	 ð1þ mÞðv01 þ v02 Þ=4l2g 	 Im½
ﬃ
i
p
ðv2 	 v1Þ=4l ð23dÞ
uu ¼ Im½	ð1þ mÞðv1 þ v2Þ=4l2 þ Im½ðv02 	 v01 	 2l
ﬃ
i
p
v1 	 2l
ﬃ
i
p
v2Þ=2l ð23eÞIn Eqs. (23b,d) a small item Im½
ﬃ
i
p
ðv1 	 v2Þ=4l can be omitted. Then u0u are obtained from Eqs. (23c,d).
Substituting Eqs. 23(c–e) into the uniqueness condition of displacement, uuI
S
ðu0udnþ uuduÞ ¼ 0 ð24Þwhere closed curve S which includes the grid origin point (0,0) is arbitrary and a unit circle is used as curve
S, uniqueness condition of displacement becomesIm
Z 2p
0
f
ﬃ
i
p
ðv2 	 v1Þ sin bþ ½
ﬃ
i
p
ðv02 	 v01 	 2l
ﬃ
i
p
v1 	 2l
ﬃ
i
p
v2Þ cos bgja¼1 db ¼ 0 ð25ÞSubstituting Eqs. (14a,b) into Eq. (25), we obtainIm ð1	 iÞ
X1
n¼	1
in½An 	 ð	1ÞnBn
( )
¼ 0 ð26ÞIn Cases N = 1,2,4 the condition is satisﬁed automatically, but Case N = 3 is the only case where the
uniqueness requirement (26) is not automatically satisﬁed by the symmetry. Eq. (26) is re-written by coef-
ﬁcients Cn as follows:X1
n¼0
ð	1ÞnðCn1 	 Cn2Þ ¼ 0 for Case N ¼ 3 ð27ÞThe boundary general displacements and forces with the unknowns Cn1 and Cn2 at the cut-out, C, are
obtained by substituting the value of aC, bC into Eqs. (17a,b), the real part of v in Eq. (13), the expressions
of rotation, cm, and Kirchhoﬀ general forces, Tm, Sm, Qm, Mm, see Xue et al. (1991, 1995, 1999). Here,aC ¼ ½q20cos2hþ ðsin	1ðq0 sin hÞÞ21=2, bC ¼ sin	1½sin	1ðq0 sin hÞ=aC ð28a;bÞ3.3. Boundary forces and displacements at the opening in the intersected shell
The general solution obtained by superposing the particular solution on the homogeneous solution, sat-
isﬁes all the basic equations of cylindrical shell and arbitrarily prescribed boundary conditions and the
resultant forces in the main shell corresponding to the general solution are in equilibrium with the branch
pipe load. The boundary displacement and force vectors, F and u, at C can be re-decomposed in global
coordinates (q,h,z) as follows: (im, it and in being triad at C on main shell, see Xue et al. (1995, 1999))F ¼ T mim þ Smit 	 Qmin ¼ F qiq þ F hih þ F ziz ð29aÞ
u ¼ uaia þ ubib þ unin ¼ uqiq þ uhih þ uziz ð29bÞ
3308 M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319Eight basic general forces and displacements at the hole edge of the main shell, Fq, Fh, Fz,Mm, uq, uh, uz and
cm, are periodic functions of h with parameter q0, so that they can be expanded in Fourier series of h via
Gð1ÞN ðmhÞ for Fq, Fz, Mm, uq, uzand cm, and via Gð2ÞN ðmhÞ for Fh and uh. The functions GðiÞN ðmhÞ ði ¼ 1,2Þ for
the four cases are shown in Table 1 and harmonic number m equals 2k + e(2,N), where k for diﬀerent cases
starts from e(4,N) except for Fh and uh. For Fh and uh k starts from zero for all cases including Case 2. All
series are truncated at k = K and n = 2K + e(2,N).4. The solution for a semi-inﬁnite long circle pipe with a non-planar end subjected to four kinds of loads
The membrane theoretical solution is adopted as a particular solution for the branch pipe in the four
loading cases, see Table 3 with bT h ¼ bM 1 ¼ bM h ¼ bM 1h ¼ 0.
The homogenous solution for the nozzle is based on the Goldenveizer equation (1961)Table
The m
N
1
2
3
4r8wþ 4k4t
o4w
of4
þ ð8	 2m2t Þ
o6w
of4oh2
þ 8 o
6w
of2oh4
þ 2 o
6w
oh6
þ 4 o
4w
of2oh2
þ o
4w
oh4
¼ 0 ð30Þwhere w(h,f) is a displacement function and the homogenous solution of components of displacement for
the nozzle are expressed though w(h,f) (see Xue et al., 1999, 2000), mt is the Poissons ratio of the branch
pipe andr2 ¼ o
2
oh2
þ o
2
of2
, kt ¼ ½3ð1	 m2t Þr2=t21=4 ð31ÞIn the four cases, w can be expanded in inﬁnite Fourier series as follows:w ¼
X1
k¼eð4,NÞ
X8
l¼1
DklgklðfÞGð1ÞN ðmhÞ ðm ¼ 2k þ eð2,NÞÞ ð32Þwhere gkl(f) satisfy the ordinary diﬀerential equation as follows:d8g
df8
	 4m2 d
6g
df6
þ ½6m4 	 2m2ð4	 m2Þ þ 4k4t 
d4g
df4
	 4m2ðm2 	 1Þ2 d
2g
df2
þ m4ðm2 	 1Þ2g ¼ 0 ð33ÞInstead of the approximate method given by Goldenveizer, an exact solution is adopted by solving the char-
acteristic equation of Eq. (33)S8 	 4m2S6 þ ½6m4 	 2m2ð4	 m2Þ þ 4k4t S4 	 4m2ðm2 	 1Þ2S2 þ m4ðm2 	 1Þ2 ¼ 0
ðm ¼ 2k þ eð2,NÞ, k ¼ 0, 1, 2 . . .Þ ð34Þ3
embrane solution of the branch pipe in the four loading cases
Load bT 1 bT h1 u^h u^1 u^q bch bc1
Pzb
P zb
2pr 0 0
Pzbf
2pEt 	 mPzb2pEt 0 0
Mzb 0
Mzb
2pr2
ð1þmÞMzbf
pEtr 0 0 0 0
Myb
Myb
pr2 cos h 0
Mybf
2
2pEtr sin h
Mybf
pEtr cos h
	Mybðmþf22 Þ
pEtr cos h
mMyb
pEtr sin h
	Mybf
pEtr cos h
Mxb
Mxb
pr2 sin h 0
	Mxbf2
2pEtr cos h
Mxbf
pEtr sin h
	Mxbðmþf22 Þ
pEtr sin h
	mMxb
pEtr cos h
	Mxbf
pEtr sin h
M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319 3309The roots of Eq. (34) have the following form:Table
Numb
Case
N = 1
N = 2
N = 3
N = 4S1,2,5,6 ¼ am1  ibm1 S3,4,7,8 ¼ am2  ibm2 ð35Þ
Due to the inﬁnite boundary conditions when f !1, four items of gkl(f) (l = 1,2, . . ., 8) will vanish. There
remain only the other four items as follows:gm1ðfÞ ¼
0, m ¼ 0
1, m ¼ 1,
e	am1f sinðbm1fÞ, m > 1
8><>: gm2ðfÞ ¼
0, m ¼ 0
f, m ¼ 1
e	am1f cosðbm1fÞ, m > 1
8><>: ð36aÞ
gm3ðfÞ ¼ e	am2f sinðbm2fÞ, gm4ðfÞ ¼ e	am2f cosðbm2fÞ ð36bÞThe general solutions of the forces, moments, displacements and rotations are obtained by superposing par-
ticular solution shown in Table 3 on the homogeneous solution in terms of w(i,j)(f,h). The expressions for
the homogeneous solution are given by Xue et al. (1999).
At the intersecting curve C, wherefC ¼ ð1	 q20sin2hÞ1=2=q0 ¼ fCðq0,hÞ ð37Þ
the general boundary displacement vector u(t) and force vectors F(t) can be re-decomposed in global coor-
dinates (q,h,z) as follows: (iðtÞm ,i
ðtÞ
t and i
ðtÞ
n being triad at C on the branch pipe, see Xue et al., 1995, 1999)uðtÞ ¼ uðtÞm im þ uðtÞt it þ uðtÞn in ¼ uðtÞq iq þ uðtÞh ih þ uðtÞz iz ð38Þ
FðtÞ ¼ F ðtÞm im þ F ðtÞt it þ F ðtÞn in ¼ F ðtÞq iq þ F ðtÞh ih þ F ðtÞz iz ð39Þ
Then the four boundary general forces F ðtÞq ,F
ðtÞ
h ,F
ðtÞ
z and moment M
ðtÞ
m and the four general displacements
uðtÞq ,u
ðtÞ
h ,u
ðtÞ
z and rotation c
ðtÞ
m in the branch pipe are all functions of (fC(q0,h),h), i.e. a periodic function of
h with the parameter q0 and the unknown constants Dkl (k P e(4,N), l = 1,2,3,4), so they all can be ex-
panded in Fourier series of h.5. The continuity conditions at the intersecting curve
The unknowns in the general solutions for both main shell and nozzle are determined by the continuity
conditions at their intersecting curve, C, as follows:F q ¼ 	F ðtÞq , F h ¼ 	F ðtÞh , F z ¼ 	F ðtÞz , M m ¼ M ðtÞm ð40a;b;c;dÞ
uq ¼ uðtÞq , uh ¼ uðtÞh , uz ¼ uðtÞz , cm ¼ 	cðtÞm ð41a;b;c;dÞ
Substituting the expressions of Fq, Fh, Fz, Mm, uq, uh, uz and cm for the main shell and F
ðtÞ
q ,F
ðtÞ
h ,F
ðtÞ
z ,M
ðtÞ
m ,
uðtÞq ,u
ðtÞ
h ,u
ðtÞ
z and c
ðtÞ
m for the branch pipe, which are all expanded in Fourier series of h and truncated after4
ers of unknown constants in the four cases
The ﬁrst item of m The ﬁrst item of n The last item of m, n Cni Djl (j = k)
0 0 2K 4K + 2 4K + 2
1 1 2K 4K 4K
0 0 2K + 1 4K + 4 4K + 4
0 1 2K + 1 4K + 2 4K + 4
3310 M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319the terms of either k = K or n = 2K + e(2,N), into Eqs. (40) and (41), the following equations for each har-
monic Fourier coeﬃcient are obtained:(a)
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ðDjluðtÞmkjl þ u^ðtÞmk Þ k ¼ eð4,NÞ, . . . , K ð43dÞwhere the ﬁrst items in the both sides come from homogeneous solutions shown in Eqs. (15), (17), (32) and
the second, particular solutions shown in Eq. (4) and Table 3, respectively. The numbers of unknowns, Cni
(i = 1,2), in Eqs. (15) for main shell and Dkl, in Eqs. (32) for branch pipe are dependent on the types of
symmetry for diﬀerent loading cases shown in Tables 1, 2 and shown in Table 4.
The number of continuity equations in each of the four cases is discussed as follows.
Case N = 1: When k = 0 (m = 0), Eqs. (42b) and (43b) become trivial; the zeroth-harmonic item of equa-
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C
F z dsC ¼ P zb ð44ÞEq. (43c) expressing continuity of rigid-body displacements in the z-direction is irrelevant because it has no
eﬀect on stress ﬁelds, so that the number of independent equations is 8K + 6 	 2 for solving 8K + 4
unknowns.
Case N = 2: When k = 0 (m = 0), among the eight equations only Eqs. (42b) and (43b)are relevant. The
zeroth-harmonic item of Eq. (42b) expressing torsion equilibrium about the z-axis is automatically satisﬁed,
ifMz ¼
I
C
ðF hrÞdsC ¼ Mzb ð45ÞThe zeroth-harmonic item of (43b) determining the rigid rotation about z-axis can be ignored. Therefore,
there are 8K + 2	2 equations for solving 8K unknown constants.-200 -150 -100 -50 0 50 100 150 200
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(a) Comparison of the stress distribution on the outer surface of the Rileys tested Model subjected to Mxb. (b) Comparison of
ess distribution on the inner surface of the Rileys tested Model subjected to Mxb. (c) Comparison of the ﬁllet stresses in the
tested Model.
3314 M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319Case N = 3: The zeroth-harmonic items of Eqs. (42a,b) and (42c,d) should satisfy the following equa-
tions, respectively:(a)
k
Fig. 9
d/D =
Fig. 10
D/T =F x ¼
I
C
ðF q cos h	 F h sin hÞdsC ¼ 0 ð46aÞ
My ¼
I
C
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M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319 3315so the zeroth harmonic item of Eq. (42b) and Eq. (42d) can be ignored. Eq. (27) expressing uniqueness
requirement should be added into Eqs. (42–43). Because only particular solution in Eqs. (42c,d) satisﬁes
Eq. (46b) but homogenous solution of main shell is not in self-equilibrium automatically, the following
equation with regard to homogenous solution of main shell in self-equilibrium should be required:(a)
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Fig. 11
d/D =X1
n¼0
ð	1ÞnðCn1 þ Cn2Þ ¼ 0 ð47ÞThen there are 8K + 8 	 2 + 2 equations for solving 8K + 8 unknown constants.
Case N = 4: The zeroth-harmonic items of (42b,d) are automatically satisﬁed due to the following two
equilibrium conditions:F y ¼
I
C
½F q sin h	 F h cosðhÞdsC ¼ 0 ð48aÞ
Mx ¼
I
C
½RF zq0 sin h	M m cosðit,ixÞdsC ¼ Mxb ð48bÞThere are 8K + 8 	 2 equations for solving 8K + 6 unknown constants.6. Veriﬁcation of the present theoretical solution
6.1. Comparison with the test and the numerical results for two experimental models
The present theoretical solution is veriﬁed by the test results for ORNL-1 model by Corum et al. (1974)
and Rileys model (1965). ORNL-1 Model is a good-quality steel model and has dimensionless geometric
parameters d/D = t/T = 0.5, D/T = 100, k = d/(DT)1/2 = 5. The strain gauges on the branch pipe are ar-
ranged in several lines running along the nozzle axially and on the main shell, in several lines, which are
perpendicular to the junction curve on the developed surface of the shell. In each loading case the longitu-
dinal and transverse stresses, which are normal stresses parallel and perpendicular, respectively, to the-100 -80 -60 -40 -20 0 20 40 60 80 100
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. Distribution of k along the line h = 0 on the outer and inner surfaces of the model subjected to Myb with parameters
0.8, D/T = 100, t/T = 0.8.
3316 M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319gauge lines, are given by Corum et al. (1974). The above mentioned stresses are divided by normal mem-
brane stress r0(r0 = Fzb/2prt for Case N = 1, r0 =Mzb/2pr
2t for Case N = 2, r0 =Myb/pr
2t for Case N = 3
and r0 =Mxb/pr
2t for Case N = 4, respectively) and deﬁned as dimensionless longitudinal stress, km, and
transverse stress, kt. The dimensionless geometric parameters of Rileys experimental model, which is much
thinner than ORNL-1, are d/D = 0.5, t/T = 0.98, D/T = 240 and k = d/(DT)1/2 = 7.75. The comparison be-
tween the results given by the present method and by the test of ORNL-1 Model for Case N = 4 has been
shown by Xue et al. (2004) and that for Cases N = 1–3 is shown in Figs. 5–7 of the present paper. The re-
sults obtained by 3-D FEM are shown in Figs. 5–7 as well. The theoretical and experimental results for
Case N = 4 of Rileys model are given in Fig. 8. The comparison shows that the present theoretical results
are in very good agreement with those by tests and by FEM for loading cases of either axial tension or in-
plane and out-of-plane bending moments, see Figs. 5(a)–(c), 7(a)–(c) and 8(a) and (b). The same good
agreements can be seen from the comparison between present theoretical and test results for the load Cases(a)
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Fig. 12. The comparison of dimensionless resultant forces and moments at the junction of the main shell for: (a) case 1, (b) case 3 and
(c) case 4.
M.D. Xue et al. / International Journal of Solids and Structures 42 (2005) 3299–3319 3317N = 1,3 of Rileys test model. Fig. 6(a)–(c) show that the present results are diﬀerent from the test results, as
are numerical results given by Corum et al. (1974), but in good agreement with those by 3-D FEM.
6.2. Comparison with the numerical results by 3-D FEM for a model with large diameter ratio
d/D = t/T = 0.8, D/T = 100
A 3-D ﬁnite element model with parameters d/D = t/T = 0.8 and D/T = 100 (k ¼ d= ﬃﬃﬃﬃﬃﬃﬃDTp ¼ 8) is calcu-
lated by software ANSYS in order to verify the applicable range of parameters for the presented theoretical
solution. The model has 41,450 20-nodal elements and 622,722 freedom degrees. The comparison between
analytical and numerical results for loading cases 1, 2 and 3 is shown in Figs. 9–11, and for case 4, shown by
Xue et al. (2004). The results obtained by the two methods for all loading cases are in good agreement.(a)
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Fig. 13. The stress concentration factors versus k and t/T.
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The methods shown inWRC Bulletin 297 (1984) based on analytical solution given by Steele and Steele
(1983) are currently used in pressure vessel industry within the limits of d/D 6 0.5 and k ¼ d= ﬃﬃﬃﬃﬃﬃﬃDTp < 5. Fig.
12 shows that the results obtained by the presented method are in agreement with those given by WRC
Bulletin 297 (1984) when k is small.7. The maximum stress concentration factors in the main shells for the three branch moment loading cases
The maximum stress intensity concentration factors Kpzb, Kyb, Kxb and Kzb in the main shell are depen-
dent on the three parameters: q0 ¼ d=D,k ¼ d=
ﬃﬃﬃﬃﬃﬃﬃ
DT
p
(or D/T) and t/T, where Kpzb, Kyb, Kxb and Kzb are the
maximum intensities divided by the normal stress r0 (or s0) which is deﬁned as r0 ¼ F zb2prt RT tr for axial tension,
r0 ¼ Mybpr2t RT tr for in-plane bending moment and r0 ¼ Mxbpr2t RT tr for out-of-plane bending moment, respectively,
and normal shear stress s0 is deﬁned as s0 ¼ Mzb2pr2t for torsion moment. As an example, four sets of curves,
Kpzb, Kyb, Kxb and Kzb versus k and t/T when q0 = 0.8 and k up to 8, are given in Figs. 13(a)–(d), respec-
tively. The maximum stress intensities for the loading case, Myb, occur at h = 0, for the loading case, Fzb
and Mxb, at h = 90, and for Mzb, at h  60, respectively.8. Conclusion
A thin shell theoretical solution of two normally intersecting cylindrical shells subjected to external
thrust-out force or three kinds of moments transmitted through branch pipe is presented. The accurate shell
equations are adopted, the accurate geometrical description, boundary conditions and uniqueness condi-
tion of displacement are derived and the calculation method is improved, see Xue et al. (2004), so that
the solution can be applicable up to d/D 6 0.8, k ¼ d= ﬃﬃﬃﬃﬃﬃﬃDTp 6 8 and d/D 6 t/T 6 2 successfully. The results
by the present method are in very good agreement with those obtained by test and by FEM. The present
analytical results are in good agreement with WRC Bulletin 297 when k is small.References
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